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CONVEXITY ESTIMATES FOR MEAN CURVATURE FLOW
WITH FREE BOUNDARY
NICK EDELEN
Abstract. We prove the estimates of [HS99b] and [HS99a] for finite-time
singularities of mean-convex, mean curvature flow with free boundary in a
barrier S. Here S can be any embedded, oriented surface in Rn+1 of bounded
geometry and positive inscribed radius. We also prove the estimate [Hui84]
in the case of convex flows and S = Sn, which gives an alternative proof to
[Sta96a].
1. Introduction
We are interested in immersed, mean-convex, mean curvature flow with free
boundary in a surface S. We reprove the estimates in [HS99b], and [HS99a] for this
class of flows. These provide very direct, general pinching results for limit flows at
singularities, and require no embeddedness or curvature assumptions. We further
prove the estimates in [Hui84] when S is the sphere.
Consider a smooth, embedded, oriented hypersurface S ⊂ Rn+1, with choice of
normal νS , having bounded geometry and positive inscribed radius. We refer to
S as the barrier surface. If Σn ⊂ Rn+1 is a compact, mean-convex hypersurface
with boundary, we say Σ meets S orthogonally if ∂Σ ⊂ S, and the outer normal of
∂Σ ⊂ Σ coincides with νS .
Let Σ0 = Σ meet the barrier S orthogonally. Then the mean curvature flow of
Σ0, with free-boundary in S, is a family of immersions Ft : Σ0 × [0, T ) → Rn+1
such that
∂tFt = −Hν, for all p ∈ Σ, t > 0
Ft(Σ) meets S orthogonally for all t ≥ 0
F0 ≡ IdΣ0 .
Here H is the mean curvature, and ν the outer normal, oriented so that H = −Hν
is the mean curvature vector. We often write Σt = Ft(Σ), and will identify and
surface and its immersion.
It was shown by Stahl [Sta96b] that the mean curvature flow with free-boundary
in S always exists on some maximal time interval [0, T ), for T ≤ ∞, such that if
T < ∞ then necessarily maxΣt |A| → ∞ as t → T . Here |A| is the norm of the
second fundamental form A.
Type-I tangent flows of mean curvature flow with free boundary have been classi-
fied by Buckland [Buc05]. Our convexity estimates work towards classifying type-II
limit flows with free boundary. Stahl [Sta96a] has shown Theorem 1.6 using a dif-
ferent method.
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We prove the following theorems concerning the mean curvature flow of Σ0 with
free-boundary in S. Throughout the duration of this paper we assume Σ0 is com-
pact, mean-convex.
Theorem 1.1. There are constants α = α(S) ≥ 0 and C = C(S,Σ0) so that
(1) max
Σt
|A|
H
≤ Ceαt
for all time of existence. In particular, if T <∞, then
|A| ≤ C(S,Σ0, T )H.
Definition 1.1.1. Given a vector µ ∈ Rn, and k ∈ {1, . . . , n}, we let
sk(µ) =
∑
1≤i1<...<ik≤n
µi1 · · ·µik
be the k-th symmetric polynomial of µ. We adopt the convention that s0 ≡ 1. If
sk−1(µ) 6= 0, we let
qk(µ) =
sk(µ)
sk−1(µ)
.
Given a real symmetric n× n matrix M , define sk(M) = sk(µ) where µ ∈ Rn is
the vector of eigenvalues ofM . Similarly, where possible set qk(M) = qk(µ). Notice
that sk is a polynomial in the entries of M .
Given a surface Σ, define the smooth function Sk by
Sk(p) = sk(A(p)) = sk(λ(p))
where λ the vector of principle curvatures. Similarly where possible set Qk = qk(A).
We have that H ≡ S1, and |A|2 ≡ S21 − 2S2.
Theorem 1.2 (Convexity pinching). If T <∞, then for any k ∈ {1, . . . , n}, η > 0,
there is a constant C = C(S,Σ0, T, η, n) such that
Sk ≥ −ηHk − C
at all points in spacetime.
For T < ∞, by rescaling Σt along an essential blow-up sequence (c.f. Section 4
of [HS99b]), we obtain an eternal limit flow Σ˜τ with free boundary in a hyperplane.
This can be reflected to a mean curvature flow without boundary. Theorem 4.1 of
[HS99a] therefore proves the following Corollary of Theorem 1.2.
Corollary 1.3. If T < ∞, then any limit flow of Σt at a type-II singularity is
a weakly convex flow Σ˜τ with free boundary in a hyperplane. After reflection to a
flow without boundary, Σ˜τ is a convex translating soliton. Further, we can write
Σ˜τ = R
n−k × Σ˜kτ , where Σ˜kτ is strictly convex.
Remark 1.4. By our assumptions on S, Σt can only move a finite distance in
finite time (see Proposition 7.3). In other words, if T < ∞, Σt approaches a set-
theoretic limit. One can probably construct examples with free boundary in a
barrier of unbounded geometry/zero inscribed radius which shoot off to infinity in
finite time.
If T =∞ and Σt stays in a bounded region, then either |Σt| → 0 or by a standard
argument Σt approaches a minimal surface.
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Remark 1.5. Theorems 1.1 and 1.2 also hold in a Riemannian manifold of bounded
geometry. In fact the error terms introduced are almost entirely subsumed by the
perturbations we already make.
Theorem 1.6 (Umbilic pinching, [Sta96a]). If Σ0 is convex and S = S
n, then Σt
shrinks to a point in finite time, and any limit flow at the singularity is umbilic. In
particular, there is a sequence of rescalings which converge to a shrinking half-sphere
with free-boundary in a hyperplane.
The following notation is used extensively.
Definition 1.6.1. Writing f = O(g) means there is a constant c = c(n, S) such
that |f | ≤ c|g|.
We outline our approach. The main obstruction to analyzing free boundary
behavior in a general barrier S is obtaining boundary conditions on |A|, or Sk
when k > 1. We perturb the second fundamental form so that the normal νS is
an eigenvector, which allows us to obtain boundary conditions on the perturbed
principle curvatures.
This introduces relatively large error terms into the evolution equations of the
perturbed |A¯| and H¯ . The error is too large to naively give exponential behavior
of the quantity |A¯|/H . To handle this, and to correct the boundary behavior, in
proving Theorem 1.1 we must consider instead the evolution of
(2)
|A¯|+ a
H
φ,
for some large constant a, and barrier function φ.
The evolution equation for (2) will have the right form except for a gradient term
resulting from φ. To control bad gradient terms we observe that by restricting to
points where |A¯| ≥ 2H¯ , we can squeeze a term out of Cauchy’s inequality:
|∇A¯|2 − |∇|A¯||2 ≥ 1
c
|∇A¯|2 +O(|A¯|2).
Given Theorem 1.1, we can adapt the Stampacchia iteration scheme used by
[HS99a] to prove Theorems 1.2 and 1.6. The key step is proving a trace-like formula
for free boundary surfaces. The argument is sufficiently robust to handle without
problem the perturbation terms.
I am very grateful to my advisor Simon Brendle for his guidance and encour-
agement, Brian White for many illuminating discussions, and Otis Chodosh for
his support and advice. I also thank Robert Haslhofer and Gerhard Huisken for
helpful conversations. This work was partially supported by the Royden fellowship.
Some of this work was also completed while visiting Columbia University, and I’m
grateful for their hospitality.
2. Michael-Simon with (free) boundary
We adapt the Michael-Simon inequality [MS73] to surfaces with smooth bound-
ary, and surfaces meeting a barrier surface orthogonally.
Lemma 2.1. There is a constant c = c(n, S) such that for any Σ meeting S
orthogonally, and any v ∈ C1(Σ¯),
(3)
1
c
∫
∂Σ
|v| ≤
∫
Σ
|∇v|+
∫
Σ
|Hv|+
∫
Σ
|v|.
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Proof. Choose (and fix, for the duration of the paper) a smooth vector field X on
Rn+1 which is 0 outside a neighborhood of S, and X ≡ νS on S. Then∫
∂Σ
|v| =
∫
∂Σ
|v|X · ν
=
∫
Σ
divΣ(|v|XT )
=
∫
Σ
∇|v| ·X + |v|divΣ(X)− |v|X · νH
≤ max |X |
∫
|∇v|+ nmax |∇X |
∫
|v|+max |X |
∫
|vH | 
Theorem 2.2. There is a constant c = c(n) such that for any v ∈ C1c (Σ¯), we have
(4)
1
c
(∫
Σ
|v| nn−1
)n−1
n
≤
∫
Σ
|∇v|+
∫
Σ
|Hv|+
∫
∂Σ
|v|.
Proof. By replacing v with |v| we can without loss of generality suppose v ≥ 0.
For x ∈ ∂Σ, let γx(t) be the unit speed geodesic in Σ with initial conditions
γx(0) = x and γ
′
x(0) ⊥ ∂Σ. For sufficiently small ǫ, depending only on the curva-
tures of Σ and ∂Σ ⊂ Σ, the function φ : [0, ǫ]× ∂Σ→ Σ mapping (t, x) 7→ γx(t) is
a diffeomorphism, with its Jacobian bounded like |Jφ| ∈ [ 12 , 2].
We deduce, for any ǫ sufficiently small,∫
dist(·,∂Σ)≤ǫ
v =
∫ ǫ
0
∫
∂Σ
v|Jφ|
≤ 2
∫ ǫ
0
∫
∂Σ
v(0, x) + 2
∫ ǫ
0
∫
∂Σ
t
∂v
∂t
(t∗(x), x)
≤ 2ǫ
∫
∂Σ
v + ǫ2|∂Σ| sup
Σ
|∇v|(5)
here t∗(x) ∈ (0, ǫ).
Now take η a function which is ≡ 1 on dist(·, ∂Σ) ≥ ǫ and ≡ 0 on ∂Σ, and such
that |∇η| ≤ 2/ǫ. From (5)∫
Σ
((1 − η)v) nn−1 ≤
∫
dist(·,∂Σ)≤ǫ
v
n
n−1
≤ 2ǫ
∫
∂Σ
v
n
n−1 + ǫ2|∂Σ| sup
Σ
|∇(v nn−1 )|
≤ ǫC
for C independant of ǫ.
Therefore, using the Michel-Simon inequality and (5) again,
||v|| n
n−1
≤ ||ηv|| n
n−1
+ ||(1− η)v|| n
n−1
≤ c
∫
Σ
η|∇v|+ c
∫
Σ
|H |ηv + c
∫
Σ
|∇η|v + ǫn−1n C
≤ c
∫
Σ
|∇v|+ c
∫
Σ
|H |v + 2c/ǫ
∫
dist(·,∂Σ)≤ǫ
v + ǫ1/2C
≤ c
∫
Σ
|∇v|+ c
∫
Σ
|H |v + 4c
∫
∂Σ
v + ǫ|∂Σ| sup
Σ
|∇v|+ ǫ1/2C
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for c = c(n) and all ǫ sufficiently small. Taking ǫ to 0 proves the lemma. 
Theorem 2.3. If Σ meets S orthogonally, and v ∈ C1(Σ¯), then for any p < n,
(6) ||v|| np
n−p
;Σ ≤ c(||∇v||p;Σ + ||Hv||p;Σ + ||v||p;Σ)
where c = c(n, p, S).
Proof. Combine Lemma 2.1 and Theorem 2.2 to obtain the desired inequality with
p = 1. Then set v = wγ to obtain(∫
wγ
n
n−1
)n−1
n
≤ cγ
∫
wγ−1|∇w| + c
∫
wγ−1Hw + c
∫
wγ−1w
≤ c
(
w(γ−1)
p
p−1
) p−1
p
(||∇w||p + ||Hw||p + ||w||p).
Now choose γ such that
γ
n
n− 1 = (γ − 1)
p
p− 1 
Corollary 2.4. If n = 2, then for any q ∈ (1,∞),
(7) ||v||2q;Σ ≤ c|Σ|
1
2q (||∇v||2;Σ + ||Hv||2;Σ + ||v||2;Σ)
where c = c(q, S).
Proof. Take n = 2 and p = 2− δ in Theorem 2.3, for δ ∈ (0, 1). Set q = 2−δδ . Then
we have for any r ∈ (1,∞),
||v||2q ≤ c(||∇v||2−δ + ||Hv||2−δ + ||v||2−δ)
≤ c|Σ|(1−1/r) 12−δ (||∇v||r(2−δ) + ||Hv||r(2−δ) + ||v||r(2−δ)).
Then set r = 22−δ . 
Remark 2.5. Since |Σt| is monotone decreasing (Remark 4.2),
c(q, S)|Σt|1/2q ≤ c(q, S, |Σ0|).
3. General inequalities and Stampacchia iteration
Each pinching result uses a Stampacchia iteration scheme to obtain pointwise
bounds from Lp-bounds. All cases can be handled by the following general principle.
Take (Σt)t∈[0,T ) a mean curvature flow with free boundary in S, and assume T <
∞. Let fα be some non-negative function on Σt, depending on some parameters
α = α(S,Σ0, T, n). Let G˜ ≥ 0 and H˜ > 0 be functions on Σt such that
H = O(H˜), ∇H˜ = O(G˜).
Let f = fαH˜
σ, and fk = (f − k)+, where σ > 0 will be small and k > 0 large.
Write A(k) = {f ≥ k}, and A(k, t) = A(k) ∩ Σt.
We say f satisfies (⋆) if there are constants c = c(S,Σ0, T, n, α), and C =
C(S,Σ0, T, n, α, p, σ), such that for any p > p0(n, α, c), σ < 1/2, k > 0 and β > 0,
the following two equations hold:
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(POINCARE-LIKE)
1
c
∫
Σt
fpH˜2 ≤ (p+ p/β)
∫
Σt
fp−2|∇f |2 + (1 + βp)
∫
Σt
G˜2
H˜2−σ
fp−1 +
∫
Σt
fp
+
∫
∂Σt
fp−1H˜σ
(EVOLUTION-LIKE)
∂t
∫
Σt
fpk ≤ −
1
3
p2
∫
Σt
fp−2k |∇f |2 − p/c
∫
Σt
G˜2
H˜2−σ
fp−1k + cpσ
∫
A(k,t)
H˜2fp
− 1/5
∫
Σt
H˜2fpk + C
∫
A(k,t)
fp + C|A(k)|+ cp
∫
∂Σt
fp−1k H˜
σ
This section culminates in proving
Theorem 3.1. If f satisfies (⋆), then for p sufficiently big, and σ sufficiently small
(depending on p), f is uniformly bounded in spacetime. The bound will depend on
(S,Σ0, T, n, α, p, σ).
The following Lemma is the key step in handling the free boundary behavior.
We first make a useful observation.
Remark 3.2. Let g be an arbitrary non-negative function on Σt. If r ∈ (0, 2), and
q ∈ (0, p) with rp/q < 2, then for any µ > 0,∫
gqH˜r ≤
∫
gpH˜rp/q + |spt g|
≤ 1
µ
∫
gpH˜2 + C(µ, r, q, p)
∫
gp + |spt g|
Lemma 3.3. For any µ > 0 and p > 4, σ < 1/2, we can pick constants c = c(n, S)
and C = (n, S, µ, p) such that∫
∂Σt
fp−1k H˜
σ ≤ c
∫
Σt
|∇f |2fp−2k + cσ
∫
Σt
G˜2
H˜2−σ
fp−1k +
cp2
µ
∫
A(k,t)
fpH˜2
C
∫
A(k,t)
fp + C|A(k, t)|
Proof. Using the trace formula of 2.1, and Peter-Paul, we have (all integrals on the
right-hand-side are over Σt)∫
∂Σt
fp−1k H˜
σ ≤ cp
∫
fp−2k |∇f |H˜σ + cσ
∫
fp−1k H˜
σ−1|∇H˜ |
+ c
∫
fp−1k H˜
1+σ + c
∫
fp−1k H˜
σ
≤ c
∫
fp−2k |∇f |2 + cp2
∫
fp−2k H˜
2σ + cσ
∫
fp−1k
G˜2
H˜2−σ
+ c
∫
fp−1k (H˜
1+σ + H˜σ).
The Lemma follows by Remark 3.2. 
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The hard part of Theorem 3.1 is establishing Lp bounds for appropriately large
σ. In particular, we establish spacetime Lp bounds for σ ∼ p−1/2, rather than the
naive σ ∼ p−1, and thereby have the following wiggle room.
Lemma 3.4. Suppose there is a p0 and cσ, independent of p, σ, such that whenever
p > p0 and σ <
cσ√
p ,
∫ T
0
∫
Σt
fp <∞.
Then for m > 0,
∫ T
0
∫
Σt
H˜mfp <∞
provided p > 4m2/c2σ + p0 and σ <
cσ
2
√
p .
Proof. Follows directly from
H˜mfp = (fαH˜
σ+m/p)p. 
Lemma 3.5. Given (⋆), then
∫ T
0
∫
Σt
fp <∞
for p > p0(c), and σ < cσ(c)p
−1/2.
Proof. Combining equations (POINCARE-LIKE), (EVOLUTION-LIKE), and Lemma
3.3, we have the following inequalities. We adhere to the convention c = c(S,Σ0, T, n, α)
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and C = C(S,Σ0, T, n, α, p, σ, µ). Unless stated otherwise all integrals are on Σt.
∂t
∫
fp ≤ −p2/3
∫
|∇f |2fp−2 − p/c
∫
G˜2
H˜2−σ
fp−1
+ cpσ
[
p(1 + 1/β)
∫
|∇f |2fp−2 + (1 + βp)
∫
G˜2
H˜2−σ
fp−1
+
∫
fp +
∫
∂Σt
fp−1H˜σ
]
− 1/5
∫
fpH˜2 + C
∫
fp + C|Σt|+ cp
∫
∂Σt
fp−1H˜σ
≤ (−p2/3 + cp2σ(1 + 1/β))
∫
|∇f |2fp−2
+ (−p/c+ cpσ(1 + βp))
∫
G˜2
H˜2−σ
fp−1
+ cp
[∫
|∇f |2fp−2 + σ
∫
G˜2
H˜2−σ
fp−1 + p2/µ
∫
fpH˜2 + C
∫
fp + C|Σt|
]
+ C
∫
fp + C|Σt| − 1/5
∫
fpH˜2
≤ (−p2/3 + cp2σ(1 + 1/β) + cp)
∫
|∇f |2fp−2
+ (−p/c+ cpσ(1 + βp) + cpσ)
∫
G˜2
H˜2−σ
fp−1
+ (cp3/µ− 1/5)
∫
fpH˜2 + C
∫
fp + C|Σt|
Choose σ = 16 (c
3p)−1/2, β = (cp)−1/2 and µ = 10cp3, then for p > 12c we have
that
∫
Σt
fp increases at most exponentially. 
Now for arbitrary k, we can combine equation (EVOLUTION-LIKE) with Lemma
3.3 in an identical manner to obtain
∂t
∫
Σt
fpk ≤ −p2/12
∫
Σt
|∇f |2fp−2k + C
∫
A(k,t)
fpH˜2 + C
∫
A(k,t)
fp + C|A(k, t)|
for σ, and p satisfying the same bounds as Lemma 3.5. Here, as in Lemma 3.5, c
and C are both independent of k.
The following Theorem will complete the proof of Theorem 3.1.
Theorem 3.6. Suppose there is a p0 and cσ, independent of p, σ, k, such that
whenever p > p0 and σ <
cσ√
p , we have∫ T
0
∫
Σt
fp <∞
and
(8) ∂t
∫
Σt
fpk + 1/c
∫
Σt
|∇fp/2k |2 ≤ C
∫
A(k,t)
H˜2fp + C
∫
A(k,t)
fp + C|A(k, t)|
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for any k > 0. Here c and C can depend on any quantity except k. Then for p
sufficiently large, and σ sufficiently small, fp is uniformly bounded in spacetime.
The bound will depend on (S,Σ0, T, n, p, σ, α).
Proof. By Theorem 2.3 and Corollary 2.4, for each n ≥ 2 there is a q > 1, and
c = c(n, q, |Σ0|), such that(∫
Σ
v2q
)1/q
≤ c
∫
Σ
|Dv|2 + c
∫
Σ
v2H2 + c
∫
Σ
v2.
So take v = f
p/2
k and integrate (8) to obtain (for possibly larger C)
max
{
sup
[0,T )
∫
Σt
fpk ,
∫ T
0
(∫
Σt
fpqk
)1/q}
≤ C
∫∫
A(k)
fp + C
∫∫
A(k)
H˜2fp + C|A(k)|.
provided k ≥ k0(Σ0, n, p, σ, α). All terms on the right are bounded by virtue of
Lemma 3.4, and the monotonicity of |Σt|. Therefore∫ T
0
∫
f
p 2q−1
q
k ≤
∫ T
0
(∫
fpqk
)1/q (∫
fpk
) q−1
q
≤ C
(∫∫
A(k)
fp +
∫∫
A(k)
H˜2fp + |A(k)|
) 2q−1
q
≤ C|A(k)| 2q−1q (1−1/r)


(∫∫
A(k)
fpr
)1/r
+
(∫∫
A(k)
H˜2rfpr
)1/r
+ |A(k)|1/r


2q−1
q
≤ C(S, α, p, σ, T, cσ,Σ0)|A(k)|α
for any r, provided p > 16r/c2σ+p0 and σ <
cσ
2
√
p . If we fix r sufficiently large, then
α = 2q−1q (1− 1/r) > 1. Fix p, σ, then for any ℓ > k, we have the inequality
(9) |ℓ− k|β |A(ℓ)| ≤ C|A(k)|α
where β = p 2q−1q > 0, and C is independent of ℓ, k. It follows by a standard
argument that A(k) = 0 for k > k0(α, β, C), C as in (9). 
4. Mean curvature flow with free boundary preliminaries
Let (Σt)t∈[0,T ) be the mean curvature flow of Σ0, with free-boundary in S. Here,
as always in this paper, T is the maximal time of existence.
Write g = (gij) and A = (hij) for the induced metric and second fundamental
form on Σt. We follow the usual convention that g
ij is the matrix inverse to gij ,
and a raised index such as hij means
∑
k g
ikhkj . We denote dV the volume form
on Σt, and take N for the outward normal of ∂Σ ⊂ Σ.
We write ∇ for covariant differentiation in Σ, and ∇¯ for covariant differentiation
in Rn+1. We write (kij) for the second fundamental form of the barrier surface S.
Proposition 4.1. We have the following evolution equations, using summation
convention.
∂tgij = −2Hhij
∂thij = ∆hij − 2Hhimhmj + |A|2hij
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and
∂tH = ∆H + |A|2H
∂tdV = −H2dV
∂tν = ∇H
Proof. See [Hui84]. 
Remark 4.2. Since the boundary ∂Σt is always orthogonal to the direction of
motion,
∂t|Σt| = −
∫
Σt
H2 ≤ 0.
Specifying other angles of contact would add a boundary term to ∂t|Σt|, and could
even cause area increase.
Proposition 4.3. We have
N(H) = kννH.
In particular, positivity of H is preserved for all time. If S is convex, then H is
non-decreasing, and in fact must blow up in finite time.
Proof. Differentiate the relation < N, ν >= 0 in time. Evolution behavior follows
from Proposition 4.1. 
Remark 4.4. Notice that H may still decrease. We will show later that H de-
creases at worst exponentially in time.
Proposition 4.5. For any X ∈ Tp∂Σ,
hN,X = −kν,X .
Proof. Since N ≡ νS along Tp∂Σ,
h(N,X) = − < ν, ∇¯XνS >= −k(ν,X) 
As mentioned in the Introduction the key technical issue in extending the esti-
mates to general barrier surfaces is in calculating ∇NhN,X = ∇XhN,N , for X ∈
Tp∂Σ. To avoid the issue we perturb h so that hN,X = 0.
Definition 4.5.1. Extend and fix k and νS to be defined on R
n+1. Define the
perturbed second fundamental form A¯ of Σ to be
(10) h¯ij = hij + Tijν +D0gij
where T is a 3-tensor defined on the ambient space by
T (X,Y, Z) = k(X,Z)g(Y, νS) + k(Y, Z)g(X, νS).
We choose and fix the constant D0 so that
T (X,X, ν) +D0 ≥ 1
for any unit vector X . From henceforth when a constant depends on D0 or the
extensions of k or νS , we will only say it depends on the barrier surface S.
Our choice of D0 and Proposition 4.3 imply that
(11) H¯ ≥ H + 1 ≥ 1, |A¯| ≥ 1.
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5. Evolution of tensors
Proposition 5.1. Let T be a 3-tensor defined on the ambient space. If Tijν is the
2-tensor T (·, ·, ν) restricted to TΣ, then
∇Tijν = O(1 + |A|)
∇2Tijν = O(1 + |A|2 + |∇A|)
(∂t −∆)Tijν = O(1 + |A|2)
(∂t −∆)T ijν = O(1 + |A|2).
Proof. Choose orthonormal geodesic coordinates ∂i at a fixed point p. We use the
summation convention, excepting of course on ν. We have
∇pTijν = ∇¯pTijν + Tij∇¯pν + T∇⊥p ijν + Ti∇⊥p jν
= ∇¯pTijν + hpkTijk − hpiTνjν − hpjTiνν
= O(1 + |A|)
We work towards calculating ∇2T and ∆T . We have
∇q(hpiTνjν) = (∇qhpi)Tνjν + hpi∇qTνjν
= ∇ihpqTνjν + hpi(∇¯qTνjν + hqkTνjk + hqkTkjν − hqjTννν)
= ∇ihpqTνjν +O(1 + |A|2)
and
∇q(hpkTijk) = ∇khpqTijk + hpk(∇¯qTijk − hqiTνjk − hqjTiνk − hqkTijν)
= ∇khpqTijk +O(1 + |A|2)
and
∇q∇¯pTijν = ∇¯2q,pTijν + ∇¯∇⊥q pTijν + ∇¯pT∇⊥q ijν + ∇¯pTi∇⊥q jν + ∇¯pTij∇qν
= ∇¯2q,pTijν − hqp∇¯νTijν − hqi∇¯pTνjν − hqj∇¯pTiνν + hqk∇¯pTijk
= O(1 + |A|).
We therefore have
∇2q,pTijν = ∇q(∇¯pTijν + hpkTijk − hpiTνjν − hpjTiνν)
= ∇khpqTijk −∇ihpqTνjν −∇jhpqTiνν +O(1 + |A|2)
= O(1 + |A|2 + |∇A|)
and
∆Tijν = ∂kHTijk − ∂iHTνjν − ∂jHTiνν +O(1 + |A|2)
= O(1 + |A|2 + |∇H |).
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We calculate the time derivative. Here (x¯α) are standard coordinates in Rn+1.
∂tTijν = ∂t
(
Tαβγ(F (x))
∂Fα
∂xi
∂F β
∂xj
νγ
)
=
(
∂Tαβγ
x¯δ
∂tF
δ
)
∂αi F∂
β
j Fν
γ + Tαβγ
(
∂
∂xi
∂Fα
∂t
)
∂βj Fν
γ
+ Tαβγ∂
α
i F
(
∂
∂xj
∂F β
∂t
)
νγ + Tαβγ∂
α
i F∂
β
j F
νγ
∂t
= −H∇¯νTijν + T (∇¯i(−Hν), ∂j , ν) + T (∂i, ∇¯j(−Hν), ν) + T (∂i, ∂j ,∇H)
= −H∇¯νTijν − ∂iHTνjν −HhikTkjν − ∂jHTiνν −HhjkTikν + ∂kHTijk
= −∂iHTνjν − ∂jHTiνν + ∂kHTijk +O(1 + |A|2)
which proves the penultimate formula. The last formula follows by observing that
∂tgij = O(|A|2). 
Corollary 5.2. We have
1 = O(|A¯|), |A| = O(|A¯|), |∇A| = O(|∇A¯|+ |A¯|).
Proof. The first formula follows trivially from |A¯| ≥ 1. The second because A¯ =
A+O(1). The third since ∇A = ∇A+O(|A| + 1). 
Theorem 5.3. We have the evolution equations
∂th¯
i
j = ∆h¯
i
j + |A¯|2h¯ij +O(|A¯|2)
∂t|A¯|2 = ∆|A¯|2 + 2|A¯|4 − 2|∇A¯|2 +O(|A¯|3)
∂tH = ∆H + |A¯|2H +O(|A¯|)H
Proof. We deduce the first formula by Propositions 4.1 and 5.1.
We have
1
2
(∂t −∆)|A¯|2 = 1
2
∂t(g
ikgklh¯ij h¯kl)− < ∆A¯, A¯ > −|∇A¯|2
= 2Hhikgjlh¯ij h¯kl + g
ikgjl(∂t −∆)(hij + Tijν +Dgij)h¯kl − |∇A¯|2
= 2Hhikgjl(h¯ij h¯kl − hij h¯kl) + |A|2 < A, A¯ > +O(1 + |A¯|3)
− 2D0Hgikgjlhij h¯kl − |∇A¯|2
= |A¯|4 − |∇A¯|2 +O(|A¯|3).
The third formula is an immediate consequence of Proposition 4.1 and Corollary
5.2. 
Lemma 5.4. Let M be a symmetric matrix, and η > 0. If |M | > (1 + η)tr(M),
then
|M |2 −max
i
|λi|2 ≥ 1
c
|M |2.
Here {λi} are the eigenvalues of M , and c = c(n, η).
Proof. Otherwise, we can pick a sequence of counterexamplesM (j) with |M (j)| = 1
and
|M (j)|2 −max
i
|λ(j)i |2 ≤ |M (j)|2/j = 1/j.
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Since each entry lies in the interval [−1, 1], we can pick a subsequence M (j′) con-
verging to M . Then all but one eigenvalue of M is zero, contradicting |M | ≥
(1 + η)tr(M). 
Proposition 5.5. If |A¯| > 2H¯, then
(12) |∇A¯|2 − |∇|A¯||2 ≥ 1
c
|∇A¯|2 +O(|A¯|2)
where c = c(n).
Proof. We have that
∇ih¯jk = ∇j h¯ik +O(|A¯|)
and therefore, if we pick orthonormal coordinates so that ∂1 = ∇|A¯|/|∇|A¯|| at the
point in question,
|A¯|2(|∇A¯|2 − |∇|A¯||2) =
∣∣|A¯|∇ih¯jk −∇i|A¯|h¯jk∣∣2
=
∣∣∣∣|A¯|∇ih¯jk − 12(∇i|A¯|h¯jk +∇j |A¯|h¯ik) + 12(∇j |A¯|h¯ik −∇i|A¯|h¯jk)
∣∣∣∣
2
≥ 1
4
∣∣∇j |A¯|h¯ik −∇i|A¯|h¯jk∣∣2 − c|A¯|3|∇|A¯||
≥ 1
2
|∇|A¯||2(|A¯|2 −
∑
k
h¯21k)− c|A¯|3|∇|A¯||
≥ 1
2
|∇|A¯||2(|A¯|2 −max
i
|λ¯i|2)− c|A¯|3|∇|A¯||.
Here c = c(n, S), and λ¯i are the eigenvalues of A¯.
By Lemma 5.4 there is a cn depending only on n so that
|A¯|2 −max
i
|λ¯i|2 ≥ 1
cn
|A¯|2
and hence by Peter-Paul we deduce that
|∇A¯|2 − |∇|A¯||2 > 1
2cn
|∇|A¯||2 − c|A|2.
This can be rearranged to deduce
|∇A¯|2 − |∇|A¯||2 > 1
2cn + 1
|∇A¯|2 − c|A|2 
Corollary 5.6. Whenever |A¯| > 2H¯,
(13) (∂t −∆)|A¯| ≤ |A¯|3 − 1
c
|∇A¯|2
|A¯| +O(|A¯|
2)
where c = c(n).
Proof. We have (recalling |A¯| ≥ 1)
(∂t −∆)|A¯| = (∂t −∆)
√
|A¯|2
=
1
2
(∂t −∆)|A¯|
|A¯| +
1
4
|∇|A¯|2|2
|A¯|3
= |A¯|3 + |∇|A¯||
2 − |∇A¯|2
|A¯| +O(|A¯|
2).
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Now apply Proposition 5.5. 
6. Boundary derivatives
Fix a p ∈ ∂Σ. Choose coordinates so that ∂1 ≡ N along ∂Σ, (∂i)i>1 are or-
thonormal geodesic normal coordinates on ∂Σ at p, and the integral curves of ∂1
are geodesics.
Lemma 6.1. At p we have, for i, j > 1,
∇1hij = hijkνν + h11kij − kiαhjα − kjαhiα −∇Sν kij
∇1h11 = 2(kαβhαβ + h11kνν)−Kh11 + ν(K)−∇Sν kνν
where α, β are summed over 2, . . . , n, and K is the mean curvature of the barrier
S.
Proof. We calculate for i, j > 1
∂1hij = − < ∂i∂jN, ν > − < ∂i∂jF, ∂1ν >
= − < ∂i(kαj ∂α + kνj ν), ν > +h11kij
= kjαhiα −∇Si kνj − kν∇S
i
∂j − k
∇Si ν
j + h11kij
= −∇Sν kij + hijkνν + h11kij
and hence
∇1hij = ∂1hij − h((∂i∂1F )T , ∂j)− h(∂i, (∂j∂1)T )
= −kiαhjα − kjαhiα −∇Sν kij + hijkνν + h11kij
We calculate, using Proposition 4.3,
N(H) = kννH
= ∇1h11 + tr∂Σ(∇1h)
= ∇1h11 − 2kαβhαβ − tr∂Σ(∇Sν kij) + (H − h11)kνν + h11(K − kνν)
= ∇1h11 − 2kαβhαβ − 2h11kνν − ν(K) +∇Sν kνν +Hkνν +Kh11
and the Lemma follows. 
Theorem 6.2. At p, for i, j > 1,
∇1h¯ij = O(|A¯|)
∇1h¯11 = O(|A¯|).
Proof. Follows directly from Lemma 6.1 using Theorem 5.1. 
Theorem 6.3. We have that
N |A¯| = O(|A¯|).
Proof. Immediate from Theorem 6.2 and that h¯N,X = 0 when X ∈ Tp∂Σ. 
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7. Controlling |A¯|
In this section we prove the following Theorem, which will imply Theorem 1.1.
Theorem 7.1. There are constants α = α(S, n) ≥ 0 and C = C(S,Σ0) so that
(14) max
Σt
|A¯|
H
≤ Ceαt
for all time of existence.
Remark 7.2. If S is convex, then H is non-decreasing, and by carefully calculating
the normal derivative N |A¯| one can take α = 0 in (14).
For arbitrary function f and g, recall the useful formula
(15) (∂t −∆)f
g
=
(∂t −∆)f
g
− f
g2
(∂t −∆)g + 2
g
< ∇f
g
,∇g > .
Proof of Theorem 7.1. Recall that
|NH | ≤ bH
|N |A¯|| ≤ b|A¯|
for some constant b = b(S).
Let d : Rn+1 → [−1, 1] be a smooth function such that d ≡ 0 on S, and νS(d) ≥ 1.
If a constant depends on d we will only say it depends on S. Let φ : Rn+1 → R+
be the smooth function
φ(x) = e−αt−2bd
so that νS(φ) ≤ −2bφ.
We have, in geodesic orthonormal coordinates,
(∂t −∆)φ = −αφ+ ∇¯φ · (∂tF −∆F )−
∑
i
∇¯2φ(∂iF, ∂iF )
= −αφ− trTΣ(∇¯2φ)
= (−α+O(1))φ.
Choose α = α(S, n) so that (∂t −∆)φ < 0.
We first show the quantity minΣt H/φ is non-decreasing. First calculate
(16) N
H
φ
≥ bH
φ
,
so any spatial minimum is interior. And by our choice of α we obtain
(17) (∂t −∆)H
φ
≥ |A|2H
φ
+
2
φ
< ∇H
φ
,∇φ > .
In particular, at any spatial minimum p of H/φ, we must have
∂t
H
φ
|p ≥ |A|2H
φ
≥ 0.
We now consider the quantity
f =
|A¯|+ a
H/φ
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for some positive constant a to be determined. We show maxΣt f is non-increasing
when f is sufficiently big. At the boundary we have by (16)
(18) Nf ≤ b|A¯|
H/φ
− bH/φ |A¯|
(H/φ)2
≤ 0.
So any spatial maximum of f is interior.
From Corollary 5.6 and equation (17), whereever |A¯| > 2H¯ we have the evolution
equations
(∂t −∆)|A¯| ≤ |A¯|3 − 1
cn
|∇|A¯||2
|A¯| + c|A¯|
2
(∂t −∆)H
φ
≥ |A¯|2H
φ
− c|A¯|H
φ
+
2
φ
< ∇H
φ
,∇φ > .
Here c = c(S, n) and cn = cn(n).
We calculate
(∂t −∆)f ≤ 1
H/φ
(
|A¯|3 − 1
cn
|∇|A¯||2
|A¯| + c|A¯|
2
)
− f(|A¯|2 − c|A¯|)
− 2f
H
< ∇H
φ
,∇φ > + 2
H/φ
< ∇f,∇H
φ
>
≤ φ
H
{
|A¯|3 − 1
cn
|∇|A¯||2
|A¯| + c|A¯|
2 − (|A¯|+ a)(|A¯|2 − c|A¯|)
}
+
2
H
|∇|A¯|||∇φ|+ < ∇f, 2
φ
∇φ+ 2φ
H
∇H
φ
>
≤ φ
H
{
(2c− a)|A¯|2 + ac|A¯| − 1
2cn
|∇|A¯||2
|A¯| + 2cn
|∇φ|2
φ2
|A¯|
}
+ < ∇f, 2
φ
∇φ + 2φ
H
∇H
φ
> .
Notice that |∇φ|
2
φ2 = O(1). By the above calculations and equation (18), if f
attains its spatial maximum at a point p, and |A¯| > 2H¯ at this point, then
∂tf |p ≤ φ
H
{
(c− a)|A¯|2 + ca|A¯|} ≤ 0
provided we choose a = 2c and ensure |A¯| > 2c.
We still need to prove this implies Theorem 7.1. Recall that H¯ = H + O(1).
Using that minΣt H/φ is non-decreasing, we have
H¯ ≤ H + c ≤ cH
φ
(
1 +
1
minΣ0 H/φ
)
.
Define the constant
C =
4c
minΣ0 H/φ
+ 2c
(
1 +
1
minΣ0 H/φ
)
.
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Then if f ≥ C, we have
|A¯| ≥ CH
φ
− 2c
≥ 2c(1 + (minH/φ)−1)H
φ
+ 4c− 2c
≥ 2H¯ + 2c.
We deduce that
|A¯|
H
≤ f
φ
≤ φ−1max{C,max
Σ0
f},
which proves the Theorem. 
Proposition 7.3. There are constants α = α(S, n), C = C(S,Σ0) so that
max
x∈Σt
dist(x, 0) ≤ Ceαt
for all time of existence. In particular, if T < ∞, then we can find a radius R
satisfying ⋃
t∈[0,T )
Σt ⊂ BR(0).
Proof. We consider the quantity
f = φ|F |2 = φ
∑
β
F 2β ,
where φ is the cutoff function from Theorem 7.1.
At the boundary
N |F |2 = 2
∑
β
FβNβ ≤ 2max{|F |2, 1}.
And in the interior
(∂t −∆)|F |2 = 2
∑
β
Fβ(∂t −∆)Fβ − 2
∑
β
|∇Fβ |2 ≤ 0.
Whenever |F | ≥ 1, we obtain (provided b ≥ 1)
Nf ≤ 2|F |2φ− 2bφ|F |2 ≤ 0,
and hence any spatial maximum on {|F | ≥ 1} is interior.
We calculate
(∂t −∆)f ≤ − 2
φ
< ∇f,∇φ > +2|F |2φ |∇φ|
2
φ2
≤ − 2
φ
< ∇f,∇φ > +cf
for c = c(S, n). We deduce that
|F |2 ≤ φ−1ectmax{1,max
Σ0
f}. 
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8. Convexity pinching
We prove Theorem 1.2. Recall that we wish to show that if T <∞, then for any
k ∈ {1, . . . , n} and any η > 0,
(19) Sk ≥ −ηHk − C
with C = C(S,Σ0, T, η, n). Here Sk is the k-th symmetric polynomial of the prin-
ciple curvatures. We following [HS99a] and prove (19) by induction on k. Notice
this is trivially true for k = 1.
From henceforth assume (19) holds up to a fixed k, i.e. Sl ≥ −ηH l−C for every
l = 1, . . . , k. We will now prove (19) for k + 1. Of course we also from now on
assume T <∞.
In spirit we would like to consider the function
−Sk+1/Sk − ηH
H
Hσ
and show this is bounded above in spacetime. However for general k we have no
positivity control over the denominator Sk. We require a further perturbation of
the second fundamental form.
Definition 8.0.1. Let A˜ = (bij) be the twice-perturbed second fundamental form
bij = h¯ij + (ǫH +D −D0)gij
= hij + Tijν + (ǫH +D)gij .
Here D ≥ D0 + 1 and ǫ ∈ (0, 12n ] are constants to be fixed later.
We write λ˜i for the eigenvalues of bij , so that if λ¯i are the eigenvalues of the
first-perturbed h¯ij , then
λ˜i = λ¯i + (ǫH +D −D0).
Correspondingly |A˜| is the norm of the twice-perturbed second fundamental form,
H˜ the mean curvature, and S˜k = sk(λ˜), Q˜k = qk(λ˜) where defined.
Recall we had fixed D0 = D0(S) so that T (X,X, ν)+D0 ≥ 1 for any unit vector
X . So we still have the conditions
(20) H˜ ≥ H + 1 ≥ 1, |A˜| ≥ 1
and since |A| ≤ c(S,Σ0, T )H , we have
(21) |A˜| ≤ c(S,Σ0, T )H˜.
Remark 8.1. Since |A˜| ≥ 1 and ǫ ≤ 12n , we have
1 = O(|A˜|), |A| = O(|A˜|), |∇A| = O(|∇A˜|+ |A˜|).
Lemma 8.2. If h¯ij = hij +O(1), and
Sl ≥ −θH l − C
for any θ > 0, then we also have
S¯l ≥ −θH¯ l − C¯
for any θ > 0. Here both C, C¯ depend on S,Σ0, T, θ, n.
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Proof. Given θ > 0 and the corresponding C, we have for c = c(S,Σ0, T, n, l),
S¯l ≥ Sl − cH l−1
≥ −θH l − C − cH l−1
≥ −2θH¯ l − C − cH¯ l−1 − c
≥ −4θH¯ l − C − c− c
( c
θ
)l−1
. 
Lemma 8.3. Suppose for any l = 1, . . . , k and any θ > 0, we have
Sl ≥ −θH l − C.
Then for any ǫ ∈ (0, 12n ], there is a Dǫ ≥ D0 + 1 such that
(22) S˜k ≥ ǫ
1 + nǫ
n− k + 1
k
S˜k−1H˜
whenever D ≥ Dǫ.
Proof. Lemma 8.2 implies the hypothesis holds for S¯l (l = 1, . . . , k). Since bij =
h¯ij+(ǫH+D−D0)gij , by Lemma 2.7 of [HS99a] there exists a D1 = D1(ǫ, S,Σ0, T )
such that (22) holds whenever D −D0 ≥ D1. Now set Dǫ = D1 +D0 + 1. 
Although we will fix ǫ ∈ (0, 12n ] later, for the duration of the paper we take
D = Dǫ as in Lemma 8.3.
Remark 8.4. Our inductive hypothesis and our choice of D implies that, for
l = 1, . . . , k
(23) S˜l ≥ c(n)ǫH˜S˜l−1 ≥ c(n)ǫl−1H˜ l.
Remark 8.5 (Derivatives of S˜l). S˜l is a homogeneous degree l polynomial in the
entries bij . If ∂ denotes differentiation in the entries of b
i
j , we have for any d+ s ≤ l
and any l = 1, . . . , n ∣∣∣∂dS˜l∣∣∣ ≤ c(S, T,Σ0, n)H˜ l−d
and ∣∣∣∇s∂dS˜l∣∣∣ ≤ c(S, T,Σ0, n)H˜ l−d−s|∇A˜|s.
Using Remark 8.4, we also get that, for l = 1, . . . , k + 1∣∣∣∂dQ˜l∣∣∣ ≤ c(S,Σ0, T, n, ǫ)H˜1−d.
Definition 8.5.1. For η, σ ∈ (0, 1], let
f =
−Q˜k+1 − ηH˜
H˜1−σ
.
We see that f is well-defined by Remark 8.4 and f ≥ 0 if and only if
Q˜k+1 ≤ −ηH˜.
By Remark 8.5 we have that
(24) |∂df | ≤ c(S,Σ0, T, ǫ, n)H˜σ−d.
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Lemma 8.6. Suppose for every ǫ ∈ (0, 12n ] and η ∈ (0, 1], there exists σ ∈ (0, 1]
and C = C(S,Σ0, T, n, ǫ, σ) such that
f+ < C.
Then for any θ > 0 there is a C¯ = C¯(S,Σ0, T, n, θ) such that
Sk+1 ≥ −θHk+1 − C¯.
Proof. Recall we have fixed D = Dǫ. The proof of Lemma 2.8 in [HS99a] shows
the hypotheses imply that
S¯k+1 ≥ −θH¯k+1 − C¯
for any θ > 0, and C¯ = C¯(S,Σ0, T, θ, n). Now use Lemma 8.2. 
We work towards bounding f+, for a given η > 0. We first calculate the order
of boundary derivatives. Choose orthonormal coordinates at a fixed p ∈ ∂Σ such
that ∂1 ≡ N .
Theorem 8.7. At p we have, for i, j > 1,
∇1bij = O(|A˜|)
∇1b11 = O(|A˜|)
Proof. By Theorem 6.2 and Proposition 4.3, we calcuate
∇1b11 = ∇1(h¯11 + (ǫH +D)g11)
= O(|A| + 1) + ǫ∂1Hg11
= O(|A¯|)
and the proof for i, j > 1 is identical. 
Corollary 8.8. For every l = 1, . . . , n,
(25) NS˜l = O(|A˜|l).
Proof. For l = 1 this follows from the boundary condition NH = O(H) and Propo-
sition 5.1. For l > 1, write Sl as the sum of l-by-l minors of b
j
i , and use that
bN,X = 0 for X ∈ Tp∂Σ. 
Theorem 8.9. We have
(26) |Nf | ≤ c(S,Σ0, T, n, ǫ)H˜σ.
Proof. Immediate from Corollary 8.8 and Remark 8.4. 
We obtain an (EVOLUTION-LIKE) equation for f .
Proposition 8.10.
(27) ∂tb
i
j = ∆b
i
j + |A˜|2bij +O(D|A˜|2)
Proof. By Propositions 4.1 and 5.1,
(∂t −∆)bij = |A|2(hij + ǫHgij) +O(1 + |A|2)
= |A|2bij − (D + Tijν)|A|2 +O(1 + |A|2)
= |A˜|2bij +O(D|A˜|2)
recalling that D ≥ 1. 
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Lemma 8.11. Let B > η > 0. There are constants c0 = c0(n, η,B) and c =
c(c0, S,Σ0, T, n, ǫ), such that whenever −BS˜kS˜1 ≤ S˜k+1 ≤ −ηS˜1S˜k we have
(28)
∂2Q˜k+1
∂bij∂bpq
∇lbij∇lbpq ≤ − 1
c0
|∇A˜|2
|A˜| + cH˜
Proof. Choose orthonormal coordinates which diagonalize bij . We have, using the
notation of Lemma 2.13 of [HS99a],
∂2Q˜k+1
∂bij∂bpq
∇lbij∇lbpq = J(λ˜,∇l(bij − Tijν), ǫ)(29)
+ 2
∂2qk+1
∂θij∂θpq
(A˜)∇l(bij − Tijν)∇lTijν(30)
+
∂2qk+1
∂θij∂θpq
(A˜)∇lTijν∇lTpqν(31)
By this same Lemma 2.13,
J(λ˜,∇l(bij − Tijν), ǫ) ≤ − 1
c0
|∇(A˜− T )|2
|A˜|
≤ − 1
2c0
|∇A˜|2
|A˜| +
1
c0
|∇T |2
|A˜|
for c0 = c0(B, n, η).
By Theorem 2.5 and Lemma 2.12 of [HS99a], term (31) is non-positive. We
bound term (30). Recall that |∇T | = O(H + 1) = O(H˜). Using Remark 8.5
2
∂2qk+1
∂θij∂θpq
(A˜)∇l(bij − Tijν)∇lTijν ≤ 2
∣∣∣∣ ∂2qk+1∂θij∂θpq (A˜)
∣∣∣∣ (|∇A˜|+ |∇T |)|∇T |
≤ c|∇A˜|+ cH˜
where c = c(S,Σ0, T, n, ǫ).
We deduce
∂2Q˜k+1
∂bij∂bpq
∇lbij∇lbpq ≤ − 1
4c0
|∇A˜|2
|A˜| + cH˜
for c = c(S,Σ0, T, n, ǫ, c0). 
Since f is a homogeneous, degree σ, symmetric function of the eigenvalues λ˜i of
bij, we obtain that
(∂t −∆)f = ∂f
∂bij
(|A˜|2bij +O(|A˜|2D))−
∂2f
∂bij∂b
p
q
∇lbij∇lbpq
≤ − ∂
2f
∂bij∂b
p
q
∇lbij∇lbpq + σ|A˜|2f + cD|A˜|2
∑∣∣∣∣∣ ∂f∂bij
∣∣∣∣∣
≤ − ∂
2f
∂bij∂b
p
q
∇lbij∇lbpq + σ|A˜|2f + cDH˜1+σ
for c = c(S,Σ0, T, n, ǫ). In the last line we used the inequality (24).
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Lemma 8.11 allows us to crucially obtain a gradient term wherever f is non-
negative: on spt f+ we have
(∂t −∆)f ≤ 2(1− σ)
H˜
< ∇H˜,∇f > −σ(1− σ)
H˜2
f |∇H˜|2
+
1
H˜1−σ
∂2Q˜k+1
∂bij∂bpq
∇mbij∇mbpq + σ|A˜|2f + cDH˜1+σ
≤ 2 |∇H˜ ||∇f |
H˜
− 1
c
|∇A˜|2
H˜2−σ
+ cH˜σ + σ|A˜|2f + cDH˜1+σ.(32)
Lemma 8.12. There are constants c = c(S,Σ0, T, n, k, ǫ, η) and C = C(c, p, σ,D)
such that whenever p > p0(c, n), we have
∂t
∫
Σt
fpk ≤ −p2/3
∫
Σt
fp−2k |∇f |2 − p/c
∫
Σt
fp−1k
|∇A˜|2
H˜2−σ
+ c
∫
∂Σt
fp−1k H˜
σ
+ 2pσ
∫
A(k,t)
fpH˜2 + C
∫
A(k,t)
fp + C|A(k, t)| − 1/5
∫
Σt
fpk H˜
2
Proof. We have by equation (32) (all integrals over Σt unless stated),
∂t
∫
fpk = p
∫
fpk∆f −
∫
fpkH
2
≤ −p(p− 1)
∫
fp−2k |∇f |2 + p
∫
∂Σ
fp−1k |Nf |+ p2/3
∫
fp−2k |∇f |2
+ 3c
∫
fp−1k
|∇H˜ |2
H˜2−σ
− p/c
∫
fp−1k
|∇A˜|2
H˜2−σ
+ pc
∫
fp−1k H˜
σ
+ pσ
∫
A(k,t)
fp|A˜|2 + cD
∫
fp−1k H˜
1+σ −
∫
fpkH
2
provided p > 2c2n. Here c = c(S,Σ0, T, n, ǫ, η) and C = C(c, p, σ,D). The last
term results from
H2 =
(
1
1 + nǫ
H˜ + O(1)
)2
≥ 1
4
H˜2 +O(1).
The boundary term is handled by Theorem 8.9. And the other terms are handled
by Peter-Paul and/or Remark 3.2. 
We obtain a (POINCARE-LIKE) equation for f .
Lemma 8.13. For ǫ < ǫ0(n, k, η) we have on spt f+
∂S˜k
∂bij
∇i∇jS˜k+1 ≥ ∂S˜k
∂bij
∂2S˜k+1
∂blm∂bpq
∇iblm∇jbpq + ∂S˜k
∂bij
∂S˜k+1
∂blm
∇l∇mbij
+
ǫ
1 + nǫ
(
(n− k)S˜k ∂S˜k
∂bij
− (n− k + 1)S˜k−1 ∂S˜k+1
∂bij
)
∇i∇jH˜
+
1
2
ηH˜2S˜2k − cD|A˜|2k(D + |A˜|)− c|A˜|2k−1|∇A˜|
Proof. We follow the proof of Lemma 2.15 and Corollary 2.16 in [HS99a]. Recall
we fixed D = Dǫ. From Proposition 5.1 and Remark 8.1 we have ∇p∇qTij =
O(|A˜|2 + |∇A˜|). In particular,
∇p∇qH˜ = (1 + nǫ)∇p∇qH +O(|A˜|2 + |∇A˜|)
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and
∇i∇j h¯lm −∇l∇mh¯ij = h¯ij h¯lrh¯rm − h¯lmh¯irh¯rj + h¯imh¯lrh¯rj − h¯lj h¯mrh¯ri
+O(|A˜|2 + |∇A˜|).
We therefore calculate
∂S˜k
∂bij
∂S˜k+1
∂blm
(∇i∇jblm −∇l∇mbij)
=
∂S˜k
∂bij
∂S˜k+1
∂blm
[∇i∇j h¯lm −∇l∇mh¯ij
+
ǫ
1 + nǫ
(
δlm∇i∇jH˜ − δij∇l∇mH˜ +O(|A˜|2 + |∇A˜|)
)]
≥ ∂S˜k
∂bij
∂S˜k+1
∂blm
[
∇i∇j h¯lm −∇l∇mh¯ij + ǫ
1 + nǫ
(
δlm∇i∇jH˜ − δij∇l∇mH˜
)]
− c|A˜|2k+1 − c|A˜|2k−1|∇A˜|.
Choose a frame which diagonalizes h¯ij , and hence bij , then
∂S˜k
∂bij
S˜k+1
∂blm
(∇i∇j h¯lm −∇l∇mh¯ij) = ∂S˜k
∂λ˜i
∂S˜k+1
∂λ˜m
[
λ¯iλ¯
2
m − λ¯2i λ¯m +O(|A˜|2 + |∇A˜|)
]
≥ ∂S˜k
∂λ˜i
∂S˜k+1
∂λ˜m
[
λ˜iλ˜
2
m − λ˜2i λ˜m +O(|A˜|2 + |∇A˜|)
+
(
ǫ
1 + nǫ
H˜ +O(D)
)2
(λ˜m − λ˜i)
+
(
ǫ
1 + nǫ
H˜ +O(D)
)
(λ˜2i − λ˜2m)
]
≥ ∂S˜k
∂λ˜i
∂S˜k+1
∂λ˜m
[
λ˜iλ˜
2
m − λ˜2i λ˜m
+
(
ǫH˜
1 + nǫ
)2
(λ˜m − λ˜i) +
(
ǫH˜
1 + nǫ
)
(λ˜2i − λ˜2m)


− cD|A˜|2k(D + |A˜|)− c|A˜|2k−1|∇A˜|.
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Therefore, by precisely the same arguments at in Lemma 2.15 of [HS99a], we
have for any ǫ > 0
∂S˜k
∂bij
∇i∇jS˜k+1 ≥ ∂S˜k
∂bij
∂2S˜k+1
∂blm∂bpq
∇iblm∇jbpq
+
∂S˜k
∂bij
∂S˜k+1
∂blm
∇l∇mbij
+
ǫ
1 + nǫ
(
(n− k)S˜k ∂S˜k
∂bij
− (n− k + 1)S˜k−1 ∂S˜k+1
∂bij
)
∇i∇jH˜
− H˜S˜kS˜k+1 + (k + 1)S˜2k + k((k + 1)S˜2k+1 − (k + 2)S˜kS˜k+2)
+
(
ǫH˜
1 + nǫ
)2 [
(k + 1)(n− k + 1)S˜k+1S˜k−1 − k(n− k)S˜2k
]
+
(
ǫH˜
1 + nǫ
)[
(n− k)S˜k(H˜S˜k − (k + 1)S˜k+1)
+(n− k + 1)S˜k−1((k + 2)(S˜k+2 − H˜S˜k+1)
]
− cD|A˜|2k(D + |A˜|)− c|A˜|2k−1|∇A˜|.
And the Lemma follows by the same argument as in Corollary 2.16 of [HS99a]. 
Lemma 8.14. There is a constant c = c(S,Σ0, T, n, ǫ, η,D) such that for any p > 2
and β > 0, we have
1
c
∫
Σt
fp+H˜
2 ≤ (p+ p/β)
∫
Σt
fp−2+ |∇f |2 + (1 + βp)
∫
Σt
fp−1+
|∇A˜|2
H˜2−σ
+
∫
Σt
fp+
+
∫
∂Σt
fp−1+ H˜
σ
Proof. Fix ǫ = ǫ(η, n, k) as in Lemma 8.13. Using inequalities of Remarks 8.4 and
8.5, we have for c = c(S,Σ0, T, n, k, ǫ),
∂S˜k
∂bij
∇i∇jf ≤ −H˜σ−1S˜−1k
∂S˜k
∂bij
∇i∇j S˜k+1 + cH˜k+σ−3|∇A˜|2 + cH˜k−2|∇f ||∇A˜|
+
∂S˜k
∂bij
[
H˜σ−1S˜−2k S˜k+1∇i∇j S˜k − (ηH˜σ−1 − (σ − 1)H˜−1f)∇i∇jH˜
]
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Multiply by fp+H˜
−k+1−σ, integrate, and use Lemma 8.13 to obtain
η
2cǫk−1
∫
fp+H˜
2 ≤
η
2
∫
S˜kH˜
2−kfp+ ≤ −
∫
fp+H˜
−k+1−σ ∂S˜k
∂bij
∇i∇jf
−
∫
fp+H˜
−kS˜−1k
∂S˜k
∂bij
{
−S˜−1k S˜k+1∇i∇j S˜k
+
∂2S˜k1
∂blm∂bpq
∇iblm∇jbpq + ∂S˜k+1
∂blm
∇l∇mbij
}
+
∫
fp+H˜
−k ∂S˜k
∂bij
(
−η − ǫ
1 + nǫ
(n− k) + (σ − 1)H˜−σf
)
∇i∇jH˜
+
ǫ
1 + nǫ
(n− k + 1)
∫
fp+H˜
−kS˜k−1S˜−1k
∂S˜k+1
∂bij
∇i∇jH˜
+ cD
∫
fp+ + cD
2
∫
fp+H˜ + c
∫
fp+H˜
−1|∇A˜|
+ c
∫
fp+H˜
−2|∇A˜|2 + c
∫
fp+H˜
−1−σ|∇A˜||∇f |
where c = c(S,Σ0, T, n, ǫ). As usual all integrals are over Σt unless otherwise stated.
Integrate by parts all double covariant derivatives, using Theorem 8.9 and equa-
tion (25) to handle boundary terms. After applying remarks 8.4 and 8.5, we obtain
that
η
c
∫
fp+H˜
2 ≤ c
∫
∂Σt
fp−1+ f + c
∫
fp−1+
|∇A˜|2
H˜2−σ
+ c
∫
fp+
|∇f ||∇A˜|
H˜1+σ
+ cp
∫
fp−1+
|∇f ||∇A˜|
H˜
+ cp
∫
fp−2+ |∇f |2 + c
∫
fp+
|∇A˜|
H˜
+
1
µ
∫
fp+H˜
2 + C(c,D, µ)
∫
fp+
where µ > 0 is arbitrary. Set µ = 2c/η. Recalling that f ≤ cH˜σ, the Lemma
follows by using Peter-Paul on the remaining terms. 
In view of Lemma 8.6 and Theorem 3.1, to finish proving Theorem 1.2 we merely
need to show f+ satisfies (⋆) of Section 3. In the language of Section 3, let H˜ be
itself (the twice-perturbed mean curvature), and G˜ = |∇A˜|. Then Lemmas 8.12
and 8.14 imply f+ satisfies (⋆). We are done.
9. Umbilic pinching when S = Sn
We consider the case when Σ0 is strictly convex and S is the sphere S
n. We
prove the umbilic pinching Theorem 1.6. By Proposition 4.3 we know that T ≤
T0(Σ0) <∞.
Notice in this case hN,X ≡ 0 for all X ∈ Tp∂Σ, so the estimates of Lemma 6.1
give us directly boundary conditions on the principle curvatures. We can therefore
work with the unperturbed second fundamental form. In conjunction with the
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following Remark we have
(33) NH = H, N |A| = O(H).
Remark 9.1. By Theorem 9.7 in [Sta96a], there is an ǫ = ǫ(Σ0, n) such that
(34) hij ≥ ǫHgij
for all t ∈ [0, T ). Hence the pointwise estimates of Lemma 2.3 in [Hui84] continue
to hold in the spherical-free-boundary case.
Arguing as in [Hui84], to prove Theorem 1.6 it will suffice to show the following
Theorems.
Theorem 9.2. For any η > 0, we have
|A|2 − 1
n
H2 ≤ ηH2 + C(η,Σ0, n).
Theorem 9.3. For any η > 0, we have
|∇H |2 ≤ ηH4 + C(η,Σ0, n).
We first prove Theorem 9.2. For σ > 0 define the function
(35) f =
|A|2 − 1nH2
H2−σ
=
Hσ
2n
∑
i,j
(λi − λj)2
H2
.
By Remark 9.1 and equations 33, we have
(36) f = O(Hσ), Nf = O(Hσ).
Clearly to prove Theorem 9.2 it suffices to show f is bounded in spacetime for
some choice of σ > 0. We shall demonstrate in the next two Lemmas that f satisfies
the (EVOLUTION-LIKE) and (POINCARE-LIKE) equations of Section 3.
Lemma 9.4. There is a constant c = c(n, ǫ) such that for every η > 0 we have
1
c
∫
Σt
fpH2 ≤ (ηp+ 1)
∫
Σt
|∇H |2
H2−σ
fp−1 +
p
η
∫
Σt
|∇f |2fp−2
+
∫
∂Σ
fp−1Hσ
Proof. We follow the proof of Lemma 5.4 in [Hui84]. In consideration of Remark
9.1, we have
2nǫ2fpH2 ≤ 2
H2−σ
fp−1Z
≤ fp−1∆f(37)
− 2
H2−σ
fp−1 < h0ij ,∇i∇jH >(38)
+
2(1− σ)
H
fp−1 < ∇H,∇f >
+
2− σ
H
fp∆H.(39)
Here h0ij is the trace-free second fundamental form, and Z = Htr(A
3) − |A|4. We
integrate the above relation, and integrate by parts terms (37), (38) and (39).
The resulting interior terms are handled by Peter-Paul, and the inequality |h0ij | ≤
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fH2−σ ≤ H2. To handle the boundary term use (33) and (36), and that hN,X
vanishes when X ∈ Tp∂Σ. 
Recall that f satisfies the evolution inequality
(40) ∂tf ≤ ∆f + 2(1− σ)
H
< ∇H,∇f > −ǫ2 |∇H |
2
H2−σ
+ σ|A|2f
Lemma 9.5. We have, for c = c(n, ǫ),
∂t
∫
Σt
fpk ≤ −p2/3
∫
Σt
|∇f |2fp−2k − p/c
∫
Σt
|∇H |2
H2−σ
fp−1k
+ (σp− 1)
∫
Σt
H2fp + cp
∫
∂Σt
fp−1k H
σ
Proof. Follows directly by (40), and Proposition 4.1. Use Peter-Paul to handle the
inner product term, and equation (36) to handle the boundary term obtained upon
integration by parts. 
In view of Lemmas 9.4 and 9.5, we can take H˜ = H and G˜ = |∇H | in Section
3. Theorem 9.2 now follows by Theorem 3.1.
We prove Theorem 9.3. We cannot obtain a boundary condition on |∇H |2, and
therefore we work instead with the quantity |∇H−HV |2. Here we define V ≡ V¯ T ,
with V¯ a fixed vector field on Rn+1 extending νS , such that ∇¯νS V¯ ≡ 0 on Sn.
Fix η > 0, and choose σ = σ(Σ0, n) and C0 = C0(Σ0, n) so that f ≤ C0. Define
g =
|∇H −HV |2
H
+ bH(|A|2 −H2/n) + ba|A|2 − ηH3 +D
for a, b,D positive constants to be determined, depending only on (η,Σ0, n). We
will show g is bounded in spacetime, which clearly suffices to prove Theorem 9.3
since
|∇H −HV |2 ≥ 1
2
|∇H |2 − cnH2.
Lemma 9.6. We have the evolution equations
(∂t −∆)|∇H −HV |2 ≤ cH2|∇A|2 + cH4 − 2|∇(∇H −HV )|2
(∂t −∆) |∇H −HV |
2
H
≤ cH |∇A|2 + cH3
for c = c(Σ0, n).
Proof. By direct calculation we have that
∇iV = (∇¯iV¯ )T = O(1)
∆V = −H(∇¯ν V¯ )T + (trTΣ∇¯2V¯ )T
= O(H + 1),
and
∂tVi = ∂t < V¯ , ∂i >
= −H∇¯ν V¯i −HhijVj − ∂iH < V¯ , ν > .
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We have:
1
2
∆|∇H −HV |2 = {∇i∆H +∇jH(Hhij − hikhkj)
−∆HVi +O(H2 +H + |∇H |)
}
(∇iH −HVi)
+ |∇(∇H −HV )|2
and
1
2
∂t|∇H −HV |2 =
{
Hhij∇jH +∇i(∆H + |A|2H)− (∆H + |A|2H)Vi
+O(|∇H |+H2)} (∇iH −HVi).
The first equation follows directly, recalling that H is non-increasing. To prove the
second formula, use equation (15) to obtain
(∂t −∆) |∇H −HV |
2
H
≤ cH
2|∇H |2 + cH4 − 2|∇(∇H −HV )|2
H
− |∇H −HV |
2|A|2
H
+
4|∇H −HV |
H2
|∇|∇H −HV |||∇H | − 2 |∇H −HV |
2
H3
|∇H |2
≤ cH |∇H |2 + cH3. 
Lemma 9.7. At any point on the boundary ∂Σ, we have
N |∇H −HV |2 = 0
N(|A|2 −H2/n) ≤ cnH
√
|A|2 −H2/n.
Proof. Choose orthonormal coordinates at p, such that ∂1 ≡ N along ∂Σ, the
integral curves of ∂1 are geodesics. We calculate
1
2
∂1|∇H −HV |2 = −
∑
i,j>1
gij(∂iH −HVi)(∂jH −HVj)
+
∑
i
(∂1∂iH − ∂1(HVi))(∂iH −HVi)
= −|∇H −HV |2 +
∑
i>1
(∂i∂1H)(∂iH)
= −|∇H −HV |2 + |∇H |2 − |∇1H |2.
We prove the second formula. Write λi for the principle curvatures, and λN for
the curvature in direction N . Using Lemma 6.1, we obtain
1
2
∂1(|A|2 −H2/n) = 3HλN − nλ2N − |A|2 −H2/n
= (|A|2 −H2/n) + 3HλN − nλ2N − 2|A|2.
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We calculate
3HλN − nλ2N − 2|A|2 =
∑
i
(3λNλi − λ2N − 2λ2i )
=
∑
i
(λi − λN )(λN − 2λi)
= −2
∑
i
(λi − λN )2 − λN
∑
i
(λi − λN )
≤ −1
2(n− 1)
∑
i,j
(λi − λj)2 +H
√
n
∑
i,j
(λi − λj)2
= − n
n− 1(|A|
2 −H2/n) +
√
2nH
√
|A|2 −H2/n. 
Using Lemma 9.7 and equation (33), we then have
Ng ≤ bH(|A|2 −H2/n) + cnbH2
√
|A|2 −H2/n+ cnba|A|2 − 3ηH3
≤ (g −D) + cnbH2
√
C0H2−σ + cnbaH2 − 2ηH3
≤ g
provided D = D(η, C0, σ, a, b, n) is sufficiently big.
By Theorem 9.2 (see Lemma 6.5 of [Hui84]), we can choose a = a(C0, σ, n)
sufficiently large so that,
(41) (∂t −∆)(|A|2 −H2/n) ≤ −cnH |∇A|2 + a|∇A|2 + 3H3(|A|2 −H2/n).
Using Lemma 9.6 and equation (41), we have for b = b(Σ0, n) sufficiently large
(∂t −∆)g ≤ cH |∇A|2 + cH3 + 6nH |∇A|2 − bcnH |∇A|2
+ 2baH4 + 3bH3(|A|2 −H2/n)− 3 η
n
H5
≤ 2baH4 + 3bC0H5−σ − 3 η
n
H5
≤ C(η, σ, C0,Σ0, n)
using that c = c(Σ0, n).
Take φ the cutoff function of Section 7, with constants chosen so that
(∂t −∆)φ ≤ 0, Nφ ≤ −φ
Then for a, b,D chosen as above, we have
N(gφ) ≤ 0
and
(∂t −∆)gφ ≤ Cφ+ 2 < ∇g,∇φ > .
Since φ is uniformly bounded in time, we deduce that maxΣt gφ increases at worst
linearly, and therefore
g ≤ C˜(η,Σ0, n).
This completes the proof of the umbilic pinching Theorem 1.6.
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